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Abstract
We study type II universal metrics of the Lorentzian signature. These metrics simultaneously
solve vacuum field equations of all theories of gravitation with the Lagrangian being a polynomial
curvature invariant constructed from the metric, the Riemann tensor and its covariant derivatives of
an arbitrary order.
We provide examples of type II universal metrics for all composite number dimensions. On the
other hand, we have no examples for prime number dimensions and we prove the non-existence of
type II universal spacetimes in five dimensions.
We also present type II vacuum solutions of selected classes of gravitational theories, such as
Lovelock, quadratic and L(Riemann) gravities.
1 Introduction
Let us start with a formal definition of universal [1] and k-universal metrics.
Definition 1.1. A metric is called k-universal if all conserved symmetric rank-2 tensors constructed1
from the metric, the Riemann tensor and its covariant derivatives up to the kth order are multiples of
the metric. If a metric is k-universal for all integers k then it is called universal.
Universal metrics are vacuum solutions (possibly with a non-vanishing cosmological constant) to all
theories of the form
L = L(gab, Rabcd,∇a1Rbcde, . . . ,∇a1...apRbcde), (1)
where the Lagrangian L is a polynomial curvature invariant.
Particular explicit examples of universal metrics were first discussed in [2, 3] in the context of string
theory (pp-waves) and in [1] as metrics with vanishing quantum corrections. In [4], we have systematically
studied type N and III universal metrics (while all type N Einstein spacetimes are 0-universal, they are
universal iff in addition they are Kundt). In the present paper, we focus on the type II (including the
type D) in the classification of [5] (see also [6] for a recent review of the classification).
While the well known examples of type N universal pp-waves of [2, 3] admit a covariantly constant
null vector (CCNV) obeying ℓa;b = 0, we show that in arbitrary dimension type II universal spacetimes
admitting CCNV do not exist. On the other hand, we construct examples of type II universal spacetimes
admitting a recurrent null vector (RNV) obeying ℓa;b ∝ ℓaℓb and also more general Kundt non-RNV type
II universal spacetimes.
Interestingly, in contrast with the results of [4] for type III and N universal metrics, the type II cases
critically depend on dimensionality of the spacetime. We show that one can employ n0-dimensional type
N universal metrics of [4] (n0 ≥ 4) to construct type II universal metrics in n = n0N dimensions (where
N ≥ 2 is an integer) using an appropriate direct product with (N − 1) maximally symmetric spaces.
1 Throughout the paper, we consider only scalars and symmetric rank-2 tensors constructed as contractions of polynomials
from the metric, the Riemann tensor and its covariant derivatives of an arbitrary order.
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Simple direct product metrics can be also used to construct type D universal metrics for all composite
number dimensions n ≥ 4.
On the other hand, these methods cannot be used for prime number dimensions and we prove that
Theorem 1.2. In five dimensions, genuine type II universal spacetimes do not exist.
In fact, in section 4, we prove a stronger statement that in five dimensions, genuine type II 0-universal
spacetimes do not exist.
These results might indicate the non-existence of type II universal metrics for prime number dimen-
sions. However, one should keep in mind that the five-dimensional case is special (see eq. (24)).
Since the direct product metrics discussed above provide examples of universal metrics for dimensions
n = Nn0, where n0 ≥ 4, N ≥ 2, for composite number of dimensions, it remains to find examples for
n = Nn0, where n0 = 2, 3. We thus proceed with studying type II generalized Khlebnikov–Ghanam–
Thompson metrics in n = n0N dimensions, where n0 ≥ 2. In the n0 = 2, 3 cases, we find necessary and
sufficient conditions under which these spacetimes are 0-universal and thus solve all vacuum gravitational
field equations that do not contain derivatives of the Riemann tensor (Lovelock gravity). In fact, since
0-universal spacetimes are Einstein they also solve theories that may contain derivatives of the Ricci
tensor, such as e.g. quadratic gravity.
For n0 = 2, we also find a necessary and sufficient condition for 2-universality. These spacetimes solve
all theories containing up to the second derivatives of the Riemann tensor (e.g. L(Riemann) theories).
We also discuss further necessary and sufficient conditions for 4-universality and universality.
The paper is organized as follows:
In section 2, we briefly summarize the notation and some useful definitions and results.
In section 3, we prove that two appropriate rank-2 tensors are conserved for universal spacetimes.
These conserved tensors are then used in section 4 to prove the non-existence of type II 0-universal
spacetimes in five dimensions.
In section 5, we prove that Ricci-flat recurrent type II 0-universal spacetimes do not exist in any
number of dimension.
In section 6, we prove universality for various type II direct product metrics.
In section 7, we study generalizations of the Khlebnikov–Ghanam–Thompson metric (representing
gravitational radiation in the (anti-)Nariai spacetime) and necessary and sufficient conditions following
from various gravitational theories and from universality.
Finally, some useful relations for the Weyl tensor of direct product metrics and spin coefficients and
curvature of generalized Khlebnikov–Ghanam–Thompson metrics are given in the appendices.
2 Preliminaries
Throughout the paper, we use the algebraic classification of tensors [5], recently also reviewed in [6]. By
the type II of the Weyl tensor, we will mean the genuine type II, which includes the type D but does not
include the types III and N (see [6] for the definitions).
We employ the higher-dimensional Newman–Penrose and Geroch–Held–Penrose formalisms [7]. For
GHP quantities, we follow the notation of [7], for other NP quantities we use the notation summarized
in [6].
A null frame in n dimensions consists of null vectors ℓ and n and n−2 spacelike vectorsm(i) obeying
ℓaℓa = n
ana = 0, ℓ
ana = 1, m
(i)am(j)a = δij . (2)
The coordinate indices a, b, . . . and frame indices i, j, . . . take values from 0 to n − 1 and 2 to n − 1,
respectively.
The Lorentz transformations between null frames are generated by boosts
ℓˆ = λℓ, nˆ = λ−1n, mˆ(i) =m(i), (3)
null rotations and spins. We say that a quantity q has a boost weight (b.w.) b if it transforms under a
boost (3) according to
qˆ = λbq. (4)
2
Various components of a tensor in the null frame may have distinct integer b.ws. The boost order of a
tensor with respect to a null frame is the maximum b.w. of its (non-vanishing) frame components. The
boost order of a tensor depends only on the null direction ℓ (see e.g. Proposition 2.1 in [6]).
In general, the boost order of the Weyl (and the Riemann) tensor is 2. However, in this paper, we
focus on type II (and D) spacetimes that by definition, admit at least one multiple Weyl aligned null
direction (mWAND)2. If we identify our frame vector ℓ with an mWAND b.w. +2 and +1 components
of the Weyl tensor vanish. Furthermore, it has been shown in [8] that in a type II Einstein spacetime, at
least one of the mWANDs is geodetic.
The type II Weyl tensor admits a frame decomposition [5]
Cabcd =
boost weight 0︷ ︸︸ ︷
4Φ n{aℓbncℓ d } + 8Φ
A
ij n{aℓbm
(i)
c m
(j)
d } + 8Φij n{am
(i)
b ℓcm
(j)
d } +Φijkl m
(i)
{am
(j)
b m
(k)
c m
(l)
d }
+
−1︷ ︸︸ ︷
8Ψ′i ℓ{anbℓcm
(i)
d } + 4Ψ
′
ijk ℓ{am
(i)
b m
(j)
c m
(k)
d }+
−2︷ ︸︸ ︷
4Ω′ij ℓ{am
(i)
b ℓcm
(j)
d }, (5)
where for an arbitrary tensor Tabcd we define
T{abcd} ≡
1
2
(T[ab][cd] + T[cd][ab]) (6)
and thus Cabcd = C{abcd}.
Independent b.w. 0 components of the Weyl tensor are ΦAij and Φijkl since
ΦSij = −
1
2
Φikjk , Φ = Φii, (7)
where ΦSij and Φ
A
ij are the symmetric and antisymmetric parts of Φij , respectively, and Φijkl has the
‘Riemann tensor’ symmetries
Φijkl = Φ[ij][kl] = Φklij , Φi[jkl] = 0. (8)
For the type II, b.w. negative components of the Weyl tensor, Ψ′ijk and Ω
′
ij , are also present in general.
When n > 4, Φijkl can be decomposed like the Riemann tensor in an auxiliary (n − 2)-dimensional
Riemannian space as [9]
Φijkl = Φ˜ijkl − 4
n− 4
(
δi[kΦ
S
l]j − δj[kΦSl]i
)
+
4
(n− 3)(n− 4)Φδi[kδl]j , Φ˜ijkj = 0 (n > 4), (9)
where Φ is the trace of Φij . Note that in five dimensions, Φ˜ijkl vanishes identically.
Let us identify the frame vector ℓ with a geodetic mWAND and without loss of generality, choose ℓ
to be affinely parameterized and the remaining frame vectors to be parallelly transported along ℓ. Then,
the covariant derivatives of the frame vectors in terms of spin coefficients read
ℓa;b = L11ℓaℓb + L1iℓam
(i)
b + τim
(i)
a ℓb + ρijm
(i)
a m
(j)
b , (10)
na;b = −L11naℓb −L1inam(i)b + κ′im(i)a ℓb + ρ′ijm(i)a m(j)b , (11)
m
(i)
a;b = −κ′iℓaℓb − τinaℓb − ρ′ijℓam(j)b +
i
M j1m
(j)
a ℓb − ρijnam(j)b +
i
Mklm
(k)
a m
(l)
b . (12)
For Einstein spacetimes, Rab = (R/n)gab, with R =const.,
Cabcd = Rabcd − 2R
n(n− 1)ga[cgd]b (13)
and thus
Cabcd;e = Rabcd;e. (14)
Therefore, for universal spacetimes (that are necessarily Einstein), all conserved symmetric rank-2 tensors
constructed from the Weyl tensor and its derivatives are also proportional to the metric.
Let us conclude this section with the theorem proven in [4]:
Theorem 2.1. A universal spacetime is necessarily a CSI spacetime.
Constant/vanishing scalar curvature invariants (CSI/VSI) spacetimes are spacetimes having all cur-
vature invariants constructed from the Riemann tensor and its derivatives constant [10]/vanishing [11].
Note that being CSI (and even VSI) is not a sufficient condition for universality.
2Spacetimes admitting more than one mWAND are of the type D.
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3 Conserved tensors
In the proof of theorem 1.2 in section 4, two rank-2 tensors, S
(2)
ab and S
(3)
ab , are employed. In this section,
we show that these two tensors are conserved for universal spacetimes. In fact, we prove the conservation
of these two tensors for a more general class of CCCT spacetimes.
Definition 3.1. A spacetime is CCCT (a covariantly constant conserved tensor) if all conserved sym-
metric rank-2 tensors Tab constructed from the metric, the Riemann tensor and its covariant derivatives
of arbitrary order obey Tab;c = 0.
Obviously, for universal spacetimes, U, U ⊂ CCCT. In [4] (see the end of section 3 there), we have
proven a slightly more general version of theorem 2.1 stating that CCCT ⊂ CSI.
From the conservation of the Einstein tensor, it follows that for CCCT spacetimes, the Ricci scalar
is constant (this also obviously follows from the CCCT ⊂ CSI result) and thus for curvature tensors,
Rab;c = 0 and
Rabcd;e = Cabcd;e. (15)
Lemma 3.2. For CCCT spacetimes, S
(2)
ab ≡ CacdeC cdeb is a conserved tensor.
Proof. Using the Bianchi identities and the tracelessness of the Weyl tensor,
S
(2)b
a ;b = Cacde;bC
bcde + CacdeC
bcde
;b = Cacde;bC
bcde = −Cdeba;cCbcde − Cdecb;aCbcde
= −Cabde;cCcbde + Cbcde;aCbcde → Cacde;bCbcde = 1
2
Cbcde;aC
bcde. (16)
Since CCCT ⊂ CSI, it follows that the last term in (16) vanishes due to the constancy of CabcdCabcd.
Lemma 3.3. For CCCT spacetimes, S
(3)a
b ≡ CacdeCdefgCfgbc is a conserved tensor.
Proof. S
(3)a
b can be rewritten as
CacAC
A
BC
B
bc ,
where a, b, c, ... are spacetime indices, while A,B,C, ... are bivector indices (essentially, A = de etc.) for
simplicity.
First, let us express the covariant derivative of the invariant
0 = (CABC
B
CC
C
A);a = 3C
A
BC
B
CC
C
A;a , (17)
where the first equality follows from CCCT ⊂ CSI.
We proceed with expressing S
(3)a
b;a
S
(3)a
b;a = (C
ac
AC
A
BC
B
bc);a = C
ac
A;aC
A
BC
B
bc + C
ac
AC
A
B;aC
B
bc + C
ac
AC
A
BC
B
bc;a . (18)
For CCCT spacetimes, the first term on the right-hand side vanishes due to the Bianchi identities and
the tracelessness of the Weyl tensor.
The 3rd term on the right-hand side is equal to (after renaming indices and using the Weyl symmetries)
CacAC
A
BC
B
bc;a = −CacACABCBab;c − CacACABCBca;b = −CacACABCBbc;a + CacACABCBac;b , (19)
which implies (using also (17))
CacAC
A
BC
B
bc;a =
1
2
CCAC
A
BC
B
C;b = 0. (20)
Next, in the 2nd term in eq. (18) (B = ef)
CacAC
A
ef ;aC
ef
bc = −CacACAae;fCefbc − CacACAfa;eCefbc = −2CacACAae;fCefbc , (21)
the term CacAC
A
ae;f can be written as
CacAC
A
ae;f =
(
CacAC
A
ae
)
;f
− CacA;fCAae . (22)
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By lemma 3.2, for CCCT spacetimes, the first term on the right-hand side in (22) is zero, hence this
expression is antisymmetric in ce (after lowering c)
CacAC
A
ae;f = C
a
[c|AC
A
a|e];f . (23)
In eq. (21), (23) is multiplied by Cefbc (which is antisymmetric in ef) and so by defining
T[cef ] = C
a
[c|AC
A
a|e;f ] ,
we have
Ca cAC
A
ae;fC
efc
b = T[cef ]C
efc
b .
Therefore, since C
[efc]
b = 0 this is zero and the right-hand side of eq. (21) vanishes and thus the right-hand
side of (18) vanishes as well.
4 Type II universal spacetimes in five dimensions do not exist
In this section, we prove theorem 1.2, i.e. we show that type II universal spacetimes in five dimensions
do not exist.
In five dimensions, all b.w. zero components of the Weyl tensor are determined by Φij since Φijkl can
be expressed in terms of ΦSij as [12] (see also (9))
Φijkl
(n=5)
= 4
(
δi[lΦ
S
k]j − δj[lΦSk]i
)
+ 2Φδi[kδl]j . (24)
As has been already pointed out in section 2, for universal spacetimes, all conserved symmetric rank-
2 tensors constructed from the Weyl tensor and its derivatives are also proportional to the metric. By
lemma 3.2, the rank-2 tensor CacdeC
cde
b is conserved for universal spacetimes and thus for universal
spacetimes
S
(2)
ab = CacdeC
cde
b = Kgab, (25)
with K being a constant. The contraction of this equation with the frame vectors ℓanb and ma(i)m
b
(j)
(employing (24)) gives
2ΦΦSij − 3ΦAikΦAjk − ΦSikΦSjk + δij
(
2ΦSklΦ
S
kl − Φ2
)
=
K
4
δij , (26)
where
K = 2
(
Φ2 − 3ΦAijΦAij +ΦSijΦSij
)
. (27)
Let us choose a frame with diagonal ΦSij (not necessarily parallelly propagated). Clearly, eq. (26) implies
that the off-diagonal components of ΦAikΦ
A
jk vanish and thus two of the three independent components of
ΦAij vanish. Without loss of generality, we take Φ
S
ij and Φ
A
ij in the form
ΦSij =

 p1 0 00 p2 0
0 0 p3

 , ΦAij =

 0 a 0−a 0 0
0 0 0

 . (28)
Then, eq. (26) reads
p1
2 − 3p2p3 − p1p2 − p1p3 = 0, (29)
p2
2 − 3p1p3 − p1p2 − p2p3 = 0, (30)
p3
2 − 3p1p2 − p1p3 − p2p3 + 3a2 = 0. (31)
Note that by subtracting the first two equations we get
(p1 − p2)(p1 + p2 + 2p3) = 0. (32)
The only non-trivial solution of (29)–(31) is
ΦSij =

 p 0 00 p 0
0 0 0

 , ΦAij =

 0 ±p 0∓p 0 0
0 0 0

 , (33)
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which satisfies
ΦSijΦ
S
jk =
Φ
2
ΦSik, Φ
A
ijΦ
S
jk =
Φ
2
ΦAik, Φ
A
ijΦ
A
jk = −
Φ
2
ΦSik. (34)
Now, let us use the necessary condition for universal spacetimes from lemma 3.3
S
(3)
ab = C
cdefCcdgaC
g
ef b = K
′gab, K
′ = const. (35)
Contracting this equation with m(i), m(j), using (24) and (34), leads (after long but straightforward
calculations) to
S
(3)
ij = 12Φ
2ΦSij = K
′δij , (36)
which holds only for p = 0 = K ′. Together with (33), this implies that Φij (and thus also all b.w. zero
components of the Weyl tensor) vanishes which concludes the proof of theorem 1.2. Since only conditions
(25) and (35) were used, type II 0-universal spacetimes do not exist in five dimensions.
5 Recurrent type II universal spacetimes
In this section, we study recurrent spacetimes, i.e. spacetimes admitting a RNV
ℓa;b = L11ℓaℓb. (37)
By comparing (37) with (10), it follows that ρij vanishes and recurrent spacetimes thus belong to the
Kundt class (see e.g. [6]). In fact, such spacetimes coincide with the τi = 0 subclass of the Kundt metrics
(see eq. (45) in [4]). As pointed out in [19], for Einstein Kundt spacetimes, ℓ is an mWAND and thus
the Weyl tensor is of the type II or more special .
For recurrent Einstein spacetimes, the Newman–Penrose equation (A5) of [7] reduces to
Φij = − R
n(n− 1)δij =
Φ
n− 2δij , (38)
where
Φ = −d− 2
d− 1Λ. (39)
Projections of the necessary condition for universal spacetimes (25) onto (ℓ, n) and (m(i), m(j)) planes
give
K =
2(n− 1)
n− 2 Φ
2 (40)
and
ΦiklmΦjklm =
2n(n− 3)
(n− 2)2 Φ
2δij , (41)
respectively.
In the Λ = 0 case, equation (39) implies Φ = 0 and from (38) and the trace of (41), it then follows
that all b.w. zero components of the Weyl tensor vanish and thus in arbitrary dimension
Proposition 5.1. There are no recurrent Ricci-flat genuine type II 0-universal spacetimes.
However, recurrent Ricci-flat type III and N universal spacetimes do exist [4]. Note that pp-waves, i.e.
spacetimes admitting a CCNV, are obviously recurrent and since Einstein CCNV spacetimes are Ricci
flat, type II 0-universal pp-waves do not exist. Note also that proposition 5.1 cannot be generalized to
proper Einstein spacetimes - in section 6, we provide examples of recurrent type II universal Einstein
spacetimes with Λ 6= 0.
Using (9), we can express eq. (41) in terms of Φ˜jklm as
Φ˜iklmΦ˜jklm =
2(n− 1)2(n− 4)
(n− 2)2(n− 3) Φ
2δij . (42)
The left-hand side of the above equation identically vanishes in four and five dimensions. In four dimen-
sions, vanishing of the right-hand side is guaranteed by the factor (n − 4), while in five dimensions this
implies
Φ = 0 for n = 5. (43)
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Consequently, for Einstein type II recurrent spacetimes obeying (25), all b.w. 0 components of the Weyl
tensor vanish. For Einstein spacetimes, the field equations for quadratic gravity imply (25) [21]3 and thus
Proposition 5.2. In five dimensions, there are no genuine type II or D recurrent Einstein vacuum
solutions of quadratic gravity.
Therefore, in the recurrent case, the condition (25) is sufficient to exclude the existence of five-
dimensional 0-universal solutions.
6 Examples of type II universal spacetimes
In this section, we construct explicit examples of type II universal spacetimes.
6.1 Universal type D product manifolds
Let us consider N manifolds (M0, g
(0)
a0b0
), (M1, g
(1)
a1b1
), . . . (MN−1, g
(N−1)
aN−1bN−1
) and construct an n-
dimensional Lorentzian manifold M as a direct product of M0, M1, . . . , MN−1. For definiteness, let
us assume that M0 is Lorentzian and M1 . . .MN−1 are Riemannian. Corresponding dimensions and the
Ricci scalars will be denoted by nα and Rα, respectively (α = 0 . . .N − 1).
All tensors T that can be split similarly as the product metric (i.e. all mixed components vanish and
Taαbα...cα = T
(α)
aαbα...cα
for all values of α) are called decomposable. The Ricci and the Riemann tensors
are decomposable while the Weyl tensor is not [22] (see also section 4 of [12]).
Since the Ricci tensor is decomposable it follows that M is Einstein if and only if each Mα is Einstein
and
Rα
nα
=
R0
n0
, α = 1 . . .N − 1. (44)
From (25) and (13), it follows that for universal spacetimes
RacdeR
cde
b = K˜gab, (45)
where K˜ is constant.
Let us now assume that each block (Mα, g
(α)
aαbα
) is universal and therefore
R
(α)
aαcαdαeα
R
(α)cαdαeα
bα
=
Kα
nα
g
(α)
aαbα
, (46)
where Kα = R
(α)
acdeR
(α)acde is the (constant) Kretschmann scalar of Mα. As a consequence of the
decomposability of the Riemann tensor, RacdeR
cde
b is also decomposable (in fact, all rank-2 tensors
constructed from the Riemann tensor without covariant derivatives are decomposable). It thus follows
that for M
RacdeR
cde
b =
K
n
gab ⇔ Kα
nα
=
K0
n0
, α = 1 . . .N − 1. (47)
Now assume that each Mα is maximally symmetric (and therefore also Einstein). With this assump-
tion, each Mα obeys (46) with
Kα =
2Rα
2
nα(nα − 1) (48)
(this is the value of the Kretschmann scalar for maximally symmetric spaces).
The product manifold M is then Einstein and obeys (47) if and only if (see also (92))
nα = n0, Rα = R0, α = 1 . . . N − 1. (49)
If each Mα is maximally symmetric, of the same dimension and with the same value of the Ricci
scalar, it is clear that any polynomial curvature invariant constructed from the Riemann tensor and
its covariant derivatives4 has the same constant value for all Mα. Since each Mα is universal, for each
Mα, all rank-2 tensors constructed from the Riemann tensor and its derivatives are proportional to the
3 Note that for quadratic gravity, K is not constant in general, however, it is constant for Einstein recurrent spacetimes.
4In this case, covariant derivatives of the Riemann tensor obviously vanish.
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metric. As argued above, the constant of proportionality (being a curvature invariant) is (for a given
rank-2 tensor) the same for all Mα, α = 0 . . .N − 1, and thus also all rank-2 tensors constructed from the
Riemann tensor on M are proportional to the metric on M . Note that the above statement also holds
for the Weyl tensor (this can be shown using (13) and mathematical induction). Thus we arrive at
Proposition 6.1. Let M= M0×M1×· · ·×MN−1 and let all Mα, α = 0 . . .N−1, be non-flat maximally
symmetric spaces. M is universal if and only if the dimensions and the Ricci scalars of each block Mα
coincide (i.e. nα = n0, Rα = R0 for all values of α).
5
In contrast with rank-2 tensors constructed from the Weyl tensor, the Weyl tensor itself is not de-
composable and although each Mα is conformally flat, M is of the Weyl type D. Corresponding frame
components of the Weyl tensor are given in appendix A. Note that for n0 = 2, the mWAND ℓ is recurrent
while for n0 > 2, it is not.
According to the above proposition, one can construct a type D universal spacetime as a direct
product of maximally symmetric spaces if and only if the dimension of M is a composite number. For
prime number dimensions, such universal spacetimes obviously do not exist.
6.2 Type II Kundt universal metrics
Now, let us construct more general universal metrics by replacing the maximally symmetric Lorentzian
space M0 from proposition 6.1 by an appropriate Kundt spacetime.
Proposition 6.2. Let M = M0×M1×· · ·×MN−1, where M0 is a Lorentzian manifold and M1 . . .MN−1
are non-flat Riemannian maximally symmetric spaces. Let all blocks Mα, α = 0 . . .N − 1, be of the same
dimension and with the same value of the Ricci scalar Rα. If M0 is a Kundt proper Einstein (Λ 6= 0)
genuine type III or N universal spacetime then M is a type II universal spacetime.
Proof. By Propositions 4.1 and 5.1 of [4], covariant derivatives of the Weyl tensor for a type N and III
Einstein Kundt spacetime have only negative b.w. components. Hence
Lemma 6.3. Curvature invariants of type N and III Einstein Kundt spacetimes are identical to those of
(A)dS with the same value of Λ.
Let us take a conserved symmetric rank-2 tensor T on M constructed from the Riemann tensor and
its covariant derivatives. From the decomposability of the Riemann tensor and its covariant derivatives,
it follows that T is in general either decomposable or a tensor product of two vectors. Note that all
vectors constructed from the Riemann tensor and its covariant derivatives must contain at least one
odd derivative of the Riemann tensor. Since in our case covariant derivatives of the Riemann tensors of
M1, . . . ,MN−1 vanish the tensor product T is also decomposable.
It thus follows that T = diag(T(0),T(1), . . . ,T(N−1)), where T(α), α = 0 . . .N − 1, is an analog of T
on M(α). Note that by construction T
(1), . . . ,T(N−1) are conserved and thus (due to the conservation of
T) T(0) is also conserved.
By assumptions of proposition 6.2, all spaces M(α), α = 0 . . .N − 1, are universal and thus it follows
that T(α) = λ(α)g(α) for all values of α. Furthermore, λ(α) is a curvature invariant onM(α) (proportional
to the trace of T (α) and not affected by negative b.w. components) and thus by lemma 6.3, λ(0) = λ(1) =
· · · = λ(N−1). Consequently T is proportional to the metric g = diag(g(0),g(1), . . . ,g(N−1)) on M and
since T is an arbitrary conserved rank-2 tensor M is a universal spacetime.
In section 6.2 of [4], various explicit examples of type N universal metrics are given that can be used
to construct type II universal metrics using Proposition 6.2. In contrast, all known type III universal
spacetimes are Ricci-flat and thus at present, they cannot be used in this way.
Note that in proposition 6.2, the condition that M0 is of the genuine type III or N implies that the
dimension ofM0 (and thus also of all other blocks) is at least 4. The unique mWAND ℓ ofM0 corresponds
to the double WAND of M . By comparing components of Φij expressed in (38) and (89), it follows that
ℓ is not recurrent (τi 6= 0).
5Note that this proposition in fact holds for arbitrary signatures of Mα.
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7 Higher-dimensional generalizations of the Khlebnikov–Ghanam–
Thompson metric
In section 5.2 of [1], a higher-dimensional generalization of the Khlebnikov–Ghanam–Thompson metric
[13–15], representing gravitational radiation in the (anti-)Nariai spacetime [16,17], was studied consisting
of two blocks of dimensions 2 and n−2, where the n−2-dimensional space was considered to be maximally
symmetric and it was observed that while the four-dimensional case is universal, the higher-dimensional
generalization is not.
Here, we present different higher-dimensional generalizations of the Khlebnikov–Ghanam–Thompson
metric consisting of N 2-blocks6 (section 7.2) or 3-blocks (section 7.3) with all Riemannian blocks being
maximally symmetric. We study conserved symmetric rank-2 tensors constructed from the Riemann
tensor and we find that for 2-blocks, they are proportional to the metric while for 3-blocks, an additional
condition arises. For 2-blocks, we also show that all conserved symmetric rank-2 tensors constructed
from the Riemann tensor and its derivatives up to the second order are also proportional to the metric.
Thus these metrics are 2-universal and solve vacuum equations of e.g. all L(Riemann) gravities. We also
conjecture that a certain subclass of these spacetimes is universal.
7.1 Type II Kundt spacetimes with boost order -2 covariant derivatives of
the Riemann tensor
In this section, we prove that under certain assumptions (that are satisfied for the metrics given in sections
7.2 and 7.3) all covariant derivatives of the Riemann tensor of a type II Einstein Kundt spacetime are at
most of boost order −2.
Proposition 7.1. For a type II Einstein Kundt spacetime admitting a null frame parallelly propagated
along an mWAND ℓ, for which the following assumptions are satisfied
1. Ψ′ijk = 0,
2. DΩ′ij = 0,
3. the boost order of ∇(1)C is at most −2,
all covariant derivatives of the Weyl tensor ∇(k)C, k ≥ 1, are at most of boost order −2.
Proof. Under the assumptions of the proposition, the Ricci and Bianchi equations for the quantities of
b.w.7 b imply
b = −2 : D3κ′i = 0, DΩ′ij = 0, (50)
b = −1 : D2L11 = 0, D2ρ′ij = 0, D2
i
M j1 = 0, (51)
b = 0 : DΦij = 0, DΦijkl = 0, D
i
M jk = 0, Dτi = 0, DL1i = 0. (52)
Following [11] and [4], we define a 1-balanced scalar and a 1-balanced tensor: Let us say that a scalar
η with the b.w. b is 1-balanced if D−b−1η = 0 for b < −1 and η = 0 for b ≥ −1 and that a tensor is
1-balanced if all its frame components are 1-balanced scalars. Obviously a 1-balanced tensor admits only
non-vanishing components of b.w. ≤ −2.
Since the conditions (50)-(52) are the same as eqs. (28)–(30) for type N spacetimes in [4] (except for
the conditions for b.w. 0 components that are missing in type N), one can use the same proof to show
that for a 1-balanced scalar η, scalars L1iη, τiη, L11η, κ
′
iη, ρ
′
ijη,
i
Mj1 η and
i
Mkl η and Dη, δiη, △η are
1-balanced scalars. Note that if we denote frame components of a tensor by ηi then frame components
of its covariant derivative consist of terms L1iηi, τiηi, . . . , δiη, △η.
It thus follows that
Lemma 7.2. For type II Einstein Kundt spacetimes obeying (50)–(52) in a frame parallelly propagated
along an mWAND ℓ, a covariant derivative of a 1-balanced tensor is a 1-balanced tensor.
6The 2-block case is in fact a special vacuum subcase of metrics discussed in [18], see eqs. (2.1) and (6.25) there.
7In the balanced scalar approach, we are interested in the b.w. under boosts with constant λ, in this sense e.g. L11 has
b.w. −1.
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The Weyl tensor for type II Einstein Kundt spacetimes is not 1-balanced, however, in particular
cases (including the examples discussed in sections 7.2, 7.3), ∇(1)C is 1-balanced. Then, by lemma 7.2,
proposition 7.1 follows.
Let us conclude this section with the following lemma
Lemma 7.3. For spacetimes obeying the assumptions of proposition 7.1, all rank-2 tensors Tab con-
structed from the Riemann tensor and its covariant derivatives obey (for k ≥ 1):
(i) If Tab is quadratic or of higher order in ∇(k)C then it vanishes.
(ii) If Tab is linear in ∇(k)C then it is conserved.
Proof. (i) All components of an arbitrary rank-2 tensor Tab have b.w. ≥ −2, however, for a tensor
obeying the assumptions of proposition 7.1, terms quadratic or of higher order in ∇(k)C have b.w. ≤ −4.
(ii) By proposition 7.1, Tab;c only admits components of b.w. ≤ −2 and therefore its trace vanishes since
a rank-1 tensor has components of b.w. ≥ −1.
7.2 A generalization of the Khlebnikov–Ghanam–Thompson metric consist-
ing of 2-blocks
Here, let us study necessary conditions for universality of a higher-dimensional generalization of the
Khlebnikov–Ghanam–Thompson metric consisting of N 2-blocks
ds2 = 2dudv + (λv2 +H(u, xα, yα))du
2 +
1
|λ|
N−1∑
α=1
(dx2α + s
2(xα) dy
2
α), (53)
where s(xα) = sin(xα) for λ > 0, s(xα) = sinh(xα) for λ < 0. The metric (53) is Einstein iff H obeys
H =
[
N−1∑
α=0

(α)
]
H = 0, (α) ≡ ∇a(α)∇a(α) ,

(α)H = |λ|
(
H,xαxα +
1
s2(xα)
H,yαyα + ct(xα)H,xα
)
for α = 1, . . . , N − 1, (54)
where c(xα) = cos(xα), ct(xα) =
c(xα)
s(xα)
for λ > 0, c(xα) = cosh(xα) for λ < 0 and where 
(0)H vanishes
identically. Note that in contrast with the cases discussed in section 6, the Riemann and Ricci tensors are
not decomposable, due to the dependence of H on xα and yα, and non-zero negative b.w. components of
the Riemann and Ricci tensors appear (see appendix B).
These type II Einstein Kundt metrics admit a recurrent (τi = 0) multiple WAND ℓ = du. In a frame
parallelly propagated along ℓ, in which Ψ′ijk = 0 (this follows from ρ
′
ij = 0 and the Ricci eq. (11l) in [19])
and DΩ′ij = 0, the boost order of ∇(1)C is at most −2 (see appendix B). Thus, all the assumptions of
proposition 7.1 are satisfied and therefore all covariant derivatives of the Weyl tensor admit only terms
with b.w. −2 or less.
The b.w. zero part of the Riemann tensor is decomposable and can be written as
(0)
R
ab
cd=Λ
[
(δ(0))ac(δ
(0))bd − (δ(0))ad(δ(0))bc +
N−1∑
α=1
(
(δ(α))ac(δ
(α))bd − (δ(α))ad(δ(α))bc
)]
,Λ =
λ
n0 − 1 .(55)
Note that in an appropriately chosen frame (e.g. the frame (98) given in appendix B), the b.w. zero frame
components of the Riemann tensor are also decomposable.
The operator δ(α) : TM → TM can be seen as a projection operator projecting onto the αth piece.
They fulfill (as operators):
δ(α)δ(β) =
{
0, α 6= β
δ(α), α = β
, IdTM =
N−1⊕
α=0
δ(α).
We also note that the b.w. 0 component of the Riemann tensor possesses the discrete symmetries:
σ(α, β) : δ(α) ↔ δ(β). (56)
These σ(α, β)’s generate the group of permutations of the N projection operators.
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7.2.1 Rank-2 tensors constructed from the Riemann tensor
In this section, we show that all symmetric rank-2 tensors Tab constructed from the Riemann tensor are
proportional to the metric, i.e. this metric is 0-universal.
As mentioned above, the b.w. 0 part of the Riemann tensor (55) is decomposable. Therefore, any sym-
metric rank-2 tensor Tab constructed from
(0)
Rabcd is also decomposable and due to (55) also proportional
to the metric.
Let us proceed with terms containing b.w. −2 components of the Weyl tensor (−2)C abcd (note that
for Einstein spacetimes, these are equal to b.w. −2 components of the Riemann tensor). Obviously, a
non-vanishing rank-2 tensor constructed from
(0)
Rabcd and
(−2)
C abcd can contain at most one term
(−2)
C abcd.
Therefore, we are left with the cases
Rab (−2)C •a•b, (57)
Rabc•
(−2)
C abc•, (58)
Rabcd••
(−2)
C abcd, (59)
where R... are rank-2, 4 and 6 tensors constructed from (0)Rabcd and free indices are indicated by •.
• Rab (−2)C •a•b: Since Rab is proportional to the metric and
(−2)
C abcd is traceless, the case (57) obviously
vanishes.
• Rabc•
(−2)
C abc•: Since
(0)
Rabcd is decomposable it follows that Rabcd is either decomposable or a tensor
product of two rank-2 decomposable tensors (which are both proportional to the metric).
– In the latter “2⊗ 2” case, (58) obviously vanishes.
– Let us proceed with the rank-4 decomposable case:
The tensor (58) has b.w. −2 and therefore it can be expressed as
Rabc1
(−2)
C abc1ℓ•ℓ• , (60)
where indices a, b, c and 1 are now understood as frame indices.
(−2)
C abc1 can be non-vanishing
only for c taking value i (i.e. belonging to the spacelike blocks). However, in such a case, (60)
and (58) vanish due to the decomposability of the first term.
• Rabcd••
(−2)
C abcd: Similarly as above, Rabcdef appearing in (59) is decomposable or it is a 2⊗ 2⊗ 2
or 2⊗ 4 tensor product of decomposable tensors.
– If Rabcdef is decomposable then (59) vanishes (one can use similar arguments as for the van-
ishing of (60)).
– For the case 2⊗ 2⊗ 2, (59) vanishes due to the tracelessness of (−2)C abcd.
– In the 2 ⊗ 4 case, Rabcdef = RabRcdef . If Rab has no free index, then (59) vanishes due
to the tracelessness of
(−2)
C abcd. If Rab has one free index then (59) vanishes thanks to the
decomposability of Rcdef , i.e. terms like R0i1j vanish. If Rab has two free indices, then (59)
vanishes due to the vanishing of g11.
We thus arrive at
Proposition 7.4. The metric (53), (54) is 0-universal.
Obviously, it follows that
Corollary 7.5. The metric (53), (54) is a vacuum solution to all gravitational theories with field equations
(derived from the Lagrangian (1)) that may contain derivatives of the Ricci tensor but do not contain
derivatives of the Riemann tensor.
Examples of such theories are Lovelock gravity (no derivatives of the Ricci and the Riemann tensors)
or quadratic gravity (the field equations of this theory contain derivatives of the Ricci tensor but do not
contain derivatives of the Riemann tensor).
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7.2.2 Rank-2 tensors constructed from the Riemann tensor and its 2nd covariant deriva-
tives
Recall that by proposition 7.1 for the metrics (53), (54), all covariant derivatives of the Riemann tensor
are of the boost order ≤ −2 and thus a non-vanishing rank-2 tensor constructed from the Riemann tensor
and its derivatives may contain at most one term with a derivative. Therefore, it is sufficient to study only
terms which are linear in (obviously even) covariant derivatives of the Riemann tensor that are conserved
by lemma 7.3. Thus, let us proceed with studying rank-2 tensors constructed from the Riemann tensor
and its second covariant derivatives.
The requirement that conserved symmetric rank-2 tensors containing second covariant derivatives of
the Riemann tensor are proportional to the metric leads to a new necessary condition on the metric
function H . For instance, the following rank-2 tensor
RcgehR
dh
fg∇(e∇f)Cacbd (61)
vanishes for the metric (53), (54) iff [
N−1∑
α=0
((α))2
]
H = 0. (62)
In the following, we show that (62) is in fact a sufficient condition on H for 2-universality of the
metrics (53), (54).
Let us start with the following lemma:
Lemma 7.6. For the metrics (53), (54), all rank-2 tensors constructed from the Riemann tensor and its
2nd covariant derivatives that contain any trace of ∇a∇bCcdef vanish.
Proof. Since the Weyl tensor is traceless, we only have to consider terms i) ∇a∇cCcdef , ii) ∇c∇bCcdef
and iii) ∇b∇bCcdef . Due to the Bianchi identity, the case i) vanishes identically. The case ii) can be
expressed in terms of the case i) using the expression for the commutator of covariant derivatives for any
tensor T
[∇a,∇b]Tc1....ck = Td...ckRdc1ab + · · ·+ Tc1...dRdckab. (63)
By proposition 7.1 for T being the Weyl tensor, the left-hand side of (63) is of the boost order ≤
−2. Therefore, the right-hand side of (63) is also of the boost order ≤ −2. The corresponding rank-
2 contraction with further Riemann terms is of the boost order ≤ −2, however, taking into account
proposition 7.4, such contraction has to vanish. The case iii) can be easily expressed in terms of case ii)
terms using the Bianchi identity.
Note that for the metrics (53), (54), the contraction Cabcd;eℓ
aℓc vanishes. By further differentiation
(and taking into account that ℓ is recurrent), one arrives at the useful relation
Cabcd;ef ℓ
aℓc = 0. (64)
Now, let us proceed with possible rank-2 tensors constructed from the Riemann tensor and its 2nd
covariant derivatives. Cases to consider are
1. Rabcd∇(a∇b)Cc•d• ,
2. R•abcde∇(a∇b)C•cde ,
3. R••abcdef∇(a∇b)Ccdef .
We can consider only the symmetric parts in the cases 1, 2, and 3 since from (63), the antisymmetric
parts are proportional to the terms treated in section 7.2.1 that are proportional to the metric. Note
that all cases with one or two free indices in the ∇a∇bCcdef part can be reduced to the case 2 and 1,
respectively. This can be shown using the Bianchi identities, a relation for the commutator of covariant
derivatives (63) and the results of section 7.2.1.8
8 1A) Terms ∇.∇•C•... can be converted to terms belonging to the case 1 using the Bianchi identities; 1B) terms
∇•∇.C•... (using the commutator (63)) consist of terms 1A) plus terms not involving covariant derivatives, discussed in
section 7.2.1, that are proportional to the metric; 1C) terms ∇•∇•C.... can be expressed as terms 1B) using the Bianchi
identities. Similarly, cases with only one free index in the ∇a∇bCcdef part can be converted to the case 2.
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• Rabcd∇(a∇b)Cc•d•:
Rabcd is either 2⊗ 2 or decomposable.
– The 2⊗ 2 case is trivial due to lemma 7.6.
– The decomposable case: since the tensor product commutes with permutations σ(α, β), Rabcd
has to preserve permutations as well. It is thus a symmetric polynomial in δ(α)’s. Rabcd is
therefore a linear combination of
∑N−1
α=0 (δ
(α))ac(δ
(α))bd and
∑N−1
α=0 (δ
(α))ad(δ
(α))bc, however,
due to the symmetries of the expression 1, we can consider just the first term that leads to
(62) (see also (69)).
The case 1 is thus either trivial or it reduces to the condition (62) following from (61).
• R•abcde∇(a∇b)C•cde:
Rabcdef belongs to one of the following subcases:
i) 2⊗ 2⊗ 2
ii) 2⊗ 4
iii) decomposable
– In the case i), the expression 2 obviously vanishes due to lemma 7.6.
– In the case ii), Rabcdef = RabRcdef . The free index now belongs either to Rab or to Rcdef .
The first case reduces to the case 1, while the second case vanishes by lemma 7.6.
– The case iii): Since the expression 2 has b.w. −2, both free indices correspond to b.w. −1 (i.e.
the upper index is 0 or the lower one is 1). Since Rabcdef is decomposable, all indices in the
expression 2 are either 1 or 0. Taking into account that the first term Rabcdef is of b.w. 0,
while the second term ∇(a∇b)C•cde is of b.w. −2, we find that the expression 2 reduces to
R010101∇(1∇1)C1010. The second term, ∇(1∇1)C1010 = ∇(a∇b)Ccdef ℓcndℓenfnanb, vanishes
due to (64).
Case 2 terms thus do not lead to new conditions on the metric.
• R••abcdef∇(a∇b)Ccdef :
Rabcdefgh belongs to one of the following subcases:
i) 2⊗ 2⊗ 2⊗ 2
ii) 2⊗ 2⊗ 4
iii) 2⊗ 6
iv) decomposable
– In the case i), the expression 3 obviously vanishes due to lemma 7.6.
– In the case ii), there is either a rank-2 tensor Rab with both dummy indices, which vanishes
by lemma 7.6, or Rab has one free index, which reduces to the case 2 ii).
– If in the case iii), Rab has no free index or one free index then again the expression 3 vanishes
or reduces to the case 2 iii), respectively. If Rab has two free indices then the expression 3
is R•• times a full contraction of a b.w. −2 tensor, which is obviously zero. Note that R11
vanishes since g11 = 0.
– The case iv) is similar to the case 2 iii) and similarly we obtain a product of a b.w. zero
component Rabcdefgh with indices either 1 or 0 and ∇1∇1C1010 that vanishes (see (64)).
Thus case 3 terms also do not lead to new conditions on the metric.
We can thus conclude with
Proposition 7.7. The metric (53), (54), obeying (62) is 2-universal.
Thus in addition to the theories mentioned at the end of section 7.2.1, the metric (53), (54) obeying
(62) also solves the vacuum equations of e.g. all L(Riemann) gravities.
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7.2.3 Rank-2 tensors constructed from the Riemann tensor and its 4th and higher covariant
derivatives
Now, let us proceed with studying rank-2 tensors constructed from the Riemann tensor and its covariant
derivatives of the 4th and higher order. As in the section 7.2.2 , it is sufficient to study only terms which
are linear in covariant derivatives of the Riemann tensor that are conserved by lemma 7.3.
For higher-order derivatives, we will have more possibilities of Rab...cd constructed from tensor prod-
ucts of the b.w. 0 components of the Riemann tensor, eq. (55). Let us consider a general case where
N blocks are of a dimension n0. Then, using eq. (55) as well as the permutation symmetry generated
by eq. (56), the tensor Rab...cd should be invariant under this permutation symmetry. A classical result
from invariant theory states that invariant polynomials in N variables are generated by the N power
sum symmetric polynomials sk(x1, ..., xN ) = (x1)
k + ...+ (xN )
k, k = 1...N . We can use this to construct
tensors invariant under the permutation symmetry (56)
Dk =
(
δ(0)
)⊗k
⊕ ...⊕
(
δ(N−1)
)⊗k
, (65)
or in the component form:
Dk
a1...ak
b1...bk
=
N−1∑
α=0
(
δ(α)
)a1
b1
· · ·
(
δ(α)
)ak
bk
=
(
δ(0)
)a1
b1
· · ·
(
δ(0)
)ak
bk
+ ...+
(
δ(N−1)
)a1
b1
· · ·
(
δ(N−1)
)ak
bk
.
(66)
To see that these tensors are actually constructable from eq. (55), we first note that the trace of eq. (55)
gives the Ricci tensor (there is no loss of generality to set Λ = 1)
Rab = D1
a
b. (67)
Next, define ∆(α)
ab
cd = 2
(
δ(α)
)a
[c
(
δ(α)
)b
d]
. Then
∆(α)
ab
cd∆
(β)ce
fg = 0 (α 6= β),
while if α = β and doing the double contraction:
∆(α)
ab
cd∆
(α)ce
ag = (n0 − 1)
(
δ(α)
)b
d
(
δ(α)
)e
g
−∆(α)bedg.
Therefore,
(0)
R
ab
cd
(0)
R
ce
ag =
(
N−1∑
α=0
∆(α)
ab
cd
)N−1∑
β=0
∆(β)
ce
ag

 =
(
N−1∑
α=0
∆(α)
ab
cd∆
(α)ce
ag
)
= (n0 − 1)
N−1∑
α=0
(
δ(α)
)b
d
(
δ(α)
)e
g
−
N−1∑
α=0
∆(α)
be
dg = (n0 − 1)D2bedg −
(0)
R
be
dg. (68)
Thus
D2
be
dg =
1
n0 − 1
(
(0)
R
ab
cd
(0)
R
ce
ag +
(0)
R
be
dg
)
. (69)
Once we have constructed D2, we can constuct the rest of the symmetric tensors Dk iteratively by noting
that
Dk
a1...ak
b1...bk
D2
bkc
de = Dk+1
a1...akc
b1...bk−1de
. (70)
These tensors will give new necessary conditions for the space to be universal (via expressions like (71)).
Let us consider the case where n0 = 2 and the 4th order derivatives. We proceed similarly as in
section 7.2.2 and it turns out that everything reduces to the following cases:
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• The case 1. Rabcdef∇a∇b∇c∇dCe•f•: The tensor D3 defined above, gives an additional possibility
where
D3
ace
bdf∇a∇b∇c∇dC fe• •, (71)
giving the requirement [
N−1∑
α=0
((α))3
]
H = 0. (72)
• The case 2. R•abcdefg∇a∇b∇c∇d C•efg
– which for R•abcdefg decomposable, leads to a term proportional to C1010;1011
– for a tensor product of 2 rank-4 decomposable tensors 4⊗ 4, leads to terms like
R0101Rijkl C1i1j;01kl
• The case 3. R••abcdefgh∇a∇b∇c∇dCefgh - this case is either trivial or reduces to the case 1 or 2.
We note that for higher derivatives, we will get the additional tensors Dk giving additional conditions[∑N−1
α=0 (
(α))P
]
H = 0, for some integer P . In our case, we notice that the symmetric polynomials give
rise to symmetric polynomials in the (2nd order differential) operators (α). These operators commute:
[(α),(β)] = 0 for the general Khlebnikov–Ghanam–Thompson space. The b.w. 0 component of the
Riemann tensor is invariant under the permutation symmetry and thus we expect a rank-2 tensor to
be invariant under this permutation symmetry as well. Higher-order derivatives will then give us ex-
pressions which are ‘symmetric polynomials’ in the operators (α). Since the operators commute any
symmetric polynomial in the operators (α) can be generated by the N power sum symmetric polyno-
mials sk(
(0), ...,(N−1)), k = 1, . . . , N . Consequently, we do not expect any additional conditions then
those of the form
[∑N−1
α=0 (
(α))P
]
H = 0. Indeed, since any symmetric polynomial in the operators (α)
is also finitely generated, we can assume P = 1, . . . , N . Therefore, we conjecture
Conjecture 7.8. Metrics (53), (54) obeying the following set of N equations[
N−1∑
α=0
((α))P
]
H = 0, (73)
where P = 1 . . .N , are universal.
We note that all these conditions are necessary for all P = 1, . . . , N , which can be easily seen by
assuming H to be a simultaneous eigenvector for all (α): (α)H = λαH .
7.3 A generalization of the Khlebnikov–Ghanam–Thompson metric consist-
ing of 3-blocks
Let us study a higher-dimensional generalization of the Khlebnikov–Ghanam–Thompsonmetric consisting
of N 3-blocks (see appendix C for the Ricci rotation coefficients and components of the Weyl tensor)
ds2 = 2dudv +H(u, z, xα, yα, zα)du
2 + 2
2v
z
dudz − 2
λz2
dz2 − 2
λ
N−1∑
α=1
[
dx2α + sh
2
α (dy
2
α + s
2
αdz
2
α)
]
, (74)
where, in this form, only negative λ is allowed and sα = sin(yα), shα = sinh(xα).
The metric (74) is a Kundt metric of the type II, where now, in contrast with the 2-block case studied
in section 7.2, the mWAND ℓ is not recurrent. The metric (74) is Einstein iff H obeys
H − 2λzH,z = 0 (75)
and then it satisfies all the assumptions of proposition 7.1 (see appendix C) and thus all covariant
derivatives of the Riemann (and Weyl) tensor are of the boost order ≤ −2.
Now, let us study conserved symmetric rank-2 tensors constructed from the Riemann tensor. The
b.w. zero part of the Riemann tensor is decomposable as in the 2-block case (55). In order to show that
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such rank-2 tensors are proportional to the metric, one can essentially repeat the proof of section 7.2.1
except for terms like
Rabc1
(−2)
C abc1, (76)
appearing e.g. in (60), that now do not vanish due to the decomposability of Rabcd, since in principle
terms like R2121
(−2)
C 2121 = R2121Ω′22 might appear. For the metric (74), (75), Ω′22 vanishes iff
N−1∑
α=1

(α)H = 0. (77)
Rescaling H
H =
H˜
z2
, (78)
the Einstein equation reads
N−1∑
α=0

(α)H˜ = 0 (79)
and together with (77) gives

(0)H˜ = −λz
2
(
zH˜,zz −H˜,z
)
= 0, (80)
which is satisfied for
H˜ = h1(u, xα, yα, zα) + h0(u, xα, yα, zα)z
2, H = h0 +
h1
z2
. (81)
We thus arrive at
Proposition 7.9. The metric (74), obeying (77) and (81), is 0-universal.
Thus, similarly as in section 7.2, these metrics solve the vacuum equations of e.g. Lovelock gravity or
quadratic gravity.
We expect that a modification of conjecture 7.8 is valid also for the metric (74).
Conjecture 7.10. The higher-dimensional generalization of the Khlebnikov–Ghanam–Thompson metric
constructed from N 3-dimensional blocks (74), satisfying H,z = 0 and the following set of N equations[
N−1∑
α=1
((α))P
]
H = 0, (82)
where P = 1 . . .N , is universal.
Obviously, in a similar way, one could also study a generalization of the Khlebnikov–Ghanam–
Thompson metric constructed from an appropriate Kundt form of a maximally symmetric n0-dimensional
Lorentzian space and N − 1 n0-dimensional maximally symmetric Riemannian spaces with n0 > 3. In-
deed, we expect a modification of conjecture 7.10 to be valid for Khlebnikov–Ghanam–Thompson metrics
constructed from an arbitrary number of n0-blocks, where H does not depend on v and spacelike coordi-
nates of the Lorentzian block (then (0)H = 0). One can find examples of such spaces e.g. by choosing
H =
∑N−1
α=1 H
(α), where each H(α) is harmonic on their respective piece, (α)H(α) = 0, and does not
depend on the other coordinates.
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A Weyl tensor of the product manifolds
Let us consider an n-dimensional manifold M constructed as a direct product of N nα-dimensional
maximally symmetric manifolds Mα, α = 0, . . . , N − 1, n = n0 + n1 + · · · + nN−1. In order to derive
frame components of the Weyl tensor, let us start with N = 2, i.e. first, let us consider an n = n0 + n1
dimensional Lorentzian manifold M , which is a direct product of two maximally symmetric manifolds
M0 and M1. M0 is n0-dimensional and Lorentzian with the Ricci scalar R0. M1 is n1-dimensional and
Riemannian with the Ricci scalar R1. As in [12], we adapt a frame to the natural product structure with
gab = 2ℓ(anb) + δi0j0m
(i0)
a m
(j0)
b + δi1j1m
(i1)
a m
(j1)
b , (83)
where i0, j0 = 2 . . . n0 − 1 and i1, j1 = n0 . . . n− 1.
First, let us observe that M is Einstein iff (44) holds. Even though M0 and M1 are conformally flat,
M in general is not, since b.w. zero terms of the Weyl tensor are non-trivial. Using results of [12] (already
assuming that (44) holds), we obtain the following non-vanishing components of the Weyl tensor
Φ = − n1R0
n0(n0 − 1)(n− 1) ,
Φi0j0 =
n1R0
n0(n0 − 1)(n− 1)δi0j0 ,
Φi1j1 = −
R0
n0(n− 1)δi1j1 ,
Φi0j0k0l0 =
n1R0
n0(n0 − 1)(n− 1)2δi0[k0δl0]j0 ,
Φi1j1k1l1 =
R0
(n1 − 1)(n− 1)2δi1[k1δl1]j1 ,
Φi0j1k0l1 = −
R0
n0(n− 1)δi0k0δj1l1 . (84)
Now, we demand that M is also a vacuum solutions to the quadratic gravity, i.e. S
(2)
ab = CacdeCb
cde =
Kgab (see (25)). Components of S
(2)
ab are
S
(2)
01 =
2n1R
2
0
n20(n0 − 1)(n− 1)
,
S
(2)
i0j0
=
2n1R
2
0
n20(n0 − 1)(n− 1)
δi0j0 ,
S
(2)
j1j1
=
2R20
n0(n1 − 1)(n− 1)δi1j1 . (85)
For (85) to be compatible with (25),
n1 = n0, R1 = R0. (86)
Thus, the Weyl tensor frame components read
Φ = − R0
(n0 − 1)(n− 1) ,
Φi0j0 =
R0
(n0 − 1)(n− 1)δi0j0 ,
Φi1j1 = −
R0
n0(n− 1)δi1j1 ,
Φi0j0k0l0 =
R0
(n0 − 1)(n− 1)2δi0[k0δl0]j0 ,
Φi1j1k1l1 =
R0
(n0 − 1)(n− 1)2δi1[k1δl1]j1 ,
Φi0j1k0l1 = −
R0
n0(n− 1)δi0k0δj1l1 . (87)
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If for a direct product of p + 1 manifolds M0 = [n0, R0], . . . , Mp = [np, Rp], n0 = · · · = np and
R0 = · · · = Rp then the product is Einstein, satisfies (25) and the Weyl frame components have the form
Φ(p) = − pR0
(n0 − 1)(n− 1) ,
Φ
(p)
i0j0
=
pR0
(n0 − 1)(n− 1)δi0j0 ,
Φ
(p)
iαjα
= − R0
n0(n− 1)δiαjα , α 6= 0,
Φ
(p)
iαjαkαlα
=
pR0
(n0 − 1)(n− 1)2δiα[kαδlα]jα ,
Φ
(p)
iαjβkαlβ
= − R0
n0(n− 1)δiαkαδjβlβ , α 6= β. (88)
Let us prove this by the mathematical induction.
We assume that we have p manifolds M0 = [n0, R0], . . . , Mp−1 = [np−1, Rp−1] with n0 = · · · = np−1,
R0 = · · · = Rp−1 and n = pn0 with
Φ(p−1) = − (p− 1)R0
(n0 − 1)(n− 1) ,
Φ
(p−1)
i0j0
=
(p− 1)R0
(n0 − 1)(n− 1)δi0j0 ,
Φ
(p−1)
iαjα
= − R0
n0(n− 1)δiαjα , α 6= 0
Φ
(p−1)
iαjαkαlα
=
(p− 1)R0
(n0 − 1)(n− 1)2δiα[kαδlα]jα ,
Φ
(p−1)
iαjβkαlβ
= − R0
n0(n− 1)δiαkαδjβlβ , α 6= β, (89)
where α, β = 0, . . . , p− 1 (if not stated otherwise) and we add Mp = [np, Rp] with frame indices denoted
by ip
Φ(p) = −R0[(p− 1)n0 + np]
n0(n0 − 1)(n− 1) ,
Φ
(p)
i0j0
=
R0[(p− 1)n0 + np]
n0(n0 − 1)(n− 1) δi0j0 ,
Φ
(p)
iαjα
= − R0
n0(n− 1)δiαjα , α 6= 0
Φ
(p)
iαjαkαlα
=
[(p− 1)n0 + np]R0
n0(n0 − 1)(n− 1) 2δiα[kαδlα]jα , α 6= p
Φ
(p)
iαjβkαlβ
= − R0
n0(n− 1)δiαkαδjβlβ , α 6= β,
Φ
(p)
ipjpkplp
=
pR0
(np − 1)(n− 1)2δip[kpδlp]jp , (90)
where now n = pn0 + np.
Considering the second-rank tensor S
(2)
ab ≡ CacdeCbcde = Kgab (see (25)), we get
S
(2)
01 =
2[(p− 1)n0 + np]R20
n20(n0 − 1)(n− 1)
,
S
(2)
ipjp
=
2pR20
n0(np − 1)(n− 1)δipjp , (91)
which implies
n0 = · · · = np, R0 = · · · = Rp (92)
and (88) follows.
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B The generalization of the Khlebnikov–Ghanam–Thompson
metric consting of 2-blocks
In this section, we derive Christoffel symbols, Ricci coefficients and Weyl coordinate and frame compo-
nents for the higher-dimensional generalization of the Khlebnikov–Ghanam–Thompson metric consisting
of N 2-blocks (53), considered in section 7.2.
The non-trivial Christoffel symbols for the metric (53) read
Γuuu = λv, Γ
v
uu =
1
2
H,u + λv(λv
2 +H), Γvuv = λv, Γ
v
uxα
=
1
2
H,xα , Γ
v
uyα
=
1
2
H,yα ,
Γxαuu = −
|λ|
2
H,xα , Γ
yα
uu = −
|λ|
2 s2(xα)
H,yα , Γ
xα
yβyγ
= − s(xα) c(xα)δαβγ , Γyαxβyγ = ct(xα)δαβγ , (93)
where δαβγ = 1 for α = β = γ, i.e. all indices correspond to the same block, and otherwise δαβγ vanishes.
The independent non-trivial components of the Riemann and Ricci tensors read
Ruvuv = −λ, Ruxαuxβ = −
1
2
H,xαxβ , Ruxαuyβ = −
1
2
H,xαyβ +
1
2
ct(xα)H,yαδαβ ,
Ruyαuyβ = −
1
2
H,yαyβ −
1
2
s(xα) c(xα)H,xαδαβ , Rxαyβxγyδ =
s2(xα)
λ
δαβγδ, (94)
Ruu = λ(λv
2 +H)− 1
2
H, Ruv = λ, Rxαxβ = sgn(λ)δαβ , Ryαyβ = sgn(λ) s
2(xα)δαβ , (95)
where
H = |λ|
N−1∑
α=1
(
H,xαxα +
1
s2(xα)
H,yαyα + ct(xα)H,xα
)
. (96)
The Ricci scalar is constant R = nλ. The metric (53) is Einstein, Rab = λgab, iff H(u, xα, yα) is a
harmonic function.
The non-trivial components of the Weyl tensor are
Cuvuv = −n− 2
n− 1λ,
Cuxαuxβ = −
1
2
H,xαxβ − sgn(λ)
(
λv2 +H
n− 1 −
H
2λ(n− 2)
)
δαβ ,
Cuxαuyβ =
1
2
(−H,xαyβ + ct(xα)H,yαδαβ) ,
Cuyαuyβ = −
1
2
H,yαyβ − s2(xα)
[
1
2
ct(xα)H,xα + sgn(λ)
(
λv2 +H
n− 1 −
H
2λ(n− 2)
)]
δαβ ,
Cuxαvxβ = −
sgn(λ)
n− 1 δαβ ,
Cuyαvyβ = − s2(xα)
sgn(λ)
n− 1 δαβ ,
Cxαxβxγxδ =
2
λ(n− 1)δα[δδγ]β,
Cxαyβxγyδ =
s2(xβ)
λ
(δαβγδ − 1
n− 1δαγδβδ),
Cyαyβyγyδ =
2 s2(xα) s
2(xβ)
λ(n− 1) δα[δδγ]β. (97)
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One may introduce a parallelly propagated frame
ℓa = (0, 1, 0, . . . , 0),
na = (1,−1
2
guu, 0, . . . , 0),
ma(χα) = (0, . . . , 0,
αth block︷ ︸︸ ︷√
|λ|, 0 , 0, . . . , 0),
ma(υα) = (0, . . . , 0, 0,
√
|λ|
s(xα)︸ ︷︷ ︸
αth block
, 0, . . . , 0) (98)
to show that only b.w. 0 and −2 components of the Weyl tensor are non-vanishing. Moreover, the b.w.
0 components are constant.
One can use the relation between the Riemann and Weyl tensor (13) and (55) to obtain the b.w. 0
components of the Weyl tensor for arbitrary N n0-blocks
Cabcd = Λ
N−1∑
α=0
[
(δ(α))ac(δ
(α))bd − (δ(α))ad(δ(α))bc
]
−Λ(n0 − 1)
n− 1

N−1∑
α=0
(δ(α))ac
N−1∑
β=0
(δ(β))bd −
N−1∑
α=0
(δ(α))ad
N−1∑
β=0
(δ(β))bc

 . (99)
By contracting (99) with the frame vectors, one obtains the frame components
Φ = Cabcdℓanbℓ
cnd = −Λ
(
1− n0 − 1
n− 1
)
= −n− n0
n− 1 Λ = −
n0(N − 1)
n− 1 Λ,
Φi0j0 = C
ab
cdℓam
(i0)
b n
cm(j0)d =
n0(N − 1)
n− 1 Λδi0j0 = −Φδi0j0 ,
Φiαjβ = C
ab
cdℓam
(iα)
b n
cm(jβ)d = −Λn0 − 1
n− 1 δiαjβ , α, β 6= 0,
Φiαjβkγ lδ = C
ab
cdm
(iα)
a m
(jβ)
b m
(kγ)cm(lδ)d = 2Λδiα[kγδlδ ]jβ
(
δαβγδ − n0 − 1
n− 1
)
. (100)
Thus Φij is diagonal
Φij =
Λ
n− 1diag
[
n0(N − 1)δi0j0 ,−(n0 − 1)δiαjβ
]
, α, β 6= 0. (101)
For n0 = 2, Λ = λ/(n0 − 1) = λ, one gets non-vanishing b.w. 0 components
Φχαχβχγχδ = Φυαυβυγυδ =
2λ
(n− 1)δα[δδγ]β,
Φχαυβχγυδ = λ(δαβγδ −
1
n− 1δαγδβδ),
Φχαχβ = Φυαυβ = −
λ
n− 1δαβ , Φ = −
n− 2
n− 1λ. (102)
The b.w. −1 components, Ψ′ijk, vanish and b.w. −2 components
Ω′χαχβ = −
|λ|
2
H,xαxβ +
H
2(n− 2)δαβ ,
Ω′χαυβ = −
|λ|
2 s(xβ)
H,xαyβ +
|λ| ct(xα)
2 s(xα)
H,yαδαβ ,
Ω′υαυβ = −
|λ|
2 s(xα) s(xβ)
H,yαyβ −
1
2
(
|λ| ct(xα)H,xα +
H
(n− 2)
)
δαβ (103)
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are independent of v and thus DΩ′ij = 0.
The Ricci rotation coefficients read
κi = L10 = τ
′
i =
i
M j0 = 0, ρij = L1i = τi = ρ
′
ij =
i
M j1= 0, L11 = λv,
κ′χα = −
√
|λ|
2
H,xα , κ
′
vα
= −
√
|λ|
2s(xα)
H,yα ,
χα
Mvβvγ= ct(xα)
√
|λ| δαβγ , (104)
the remaining spin coefficients
i
M jk vanish. From (104), it follows that the frame (98) is parallelly
propagated and that the metric (53) belongs to the RNV subclass of the Kundt spacetimes.
Now, let us study components of ∇(1)C. In the b.w. 0 components of ∇(1)C, terms like
Φij
i
Mkl +Φki
i
M jl (105)
and
Φsjkl
s
M ih +Φiskl
s
M jh +Φijsl
s
Mkh +Φijks
s
M lh (106)
appear and they all vanish due to the form of
i
M jk (104) and Φij and Φijkl (102). Since τi = ρ
′
ij =
i
M j1=
DΩ′ij = 0 and Φijkl are constant, the only terms contributing to b.w. −1 components of ∇(1)C are
ℓa;b = L11ℓaℓb, na;b = −L11naℓb. (107)
However, in the expression of the b.w. 0 part of the Weyl tensor (5), there is same number of frame
vectors ℓ’s and n’s and thus such terms cancel out, e.g. Cabcd;e = ΦL11(1− 1 + 1− 1)ℓanbℓcndℓe + . . . .
Thus the metric (53) obeys the assumptions of proposition 7.1.
C The generalization of the Khlebnikov–Ghanam–Thompson
metric consisting of 3-blocks
In this section, we derive Christoffel symbols, Ricci coefficients and Weyl coordinate and frame compo-
nents for another higher-dimensional generalization of the Khlebnikov–Ghanam–Thompson metric con-
sisting of N 3-blocks (74), considered in section 7.3.
The non-trivial Christoffel symbols for the metric (74) are given by
Γuuz = −
1
z
, Γvuu =
1
2
(H,u − λvzH,z) , Γvuv = λv,
Γvuz =
1
2
H,z +
1
z
(2λv2 +H), Γvuxα =
1
2
H,xα , Γ
v
uyα
=
1
2
H,yα , Γ
v
uzα
=
1
2
H,zα ,
Γvvz =
1
z
, Γzuu =
λz2
4
H,z, Γ
z
uv = −
λz
2
, Γzuz = −λv, Γzzz = −
1
z
,
Γxαuu =
λ
4
H,xα , Γ
xα
yβyγ
= −shαchα δαβγ , Γxαzβzγ = −shαchαs2α δαβγ ,
Γyαuu =
λ
4sh2α
H,yα , Γ
yα
xβyγ
= cthα δαβγ , Γ
yα
zβzγ
= −sαcα δαβγ ,
Γzαuu =
λ
4sh2αs
2
α
H,zα , Γ
zα
xβzγ
= cthα δαβγ , Γ
zα
yβzγ
= ctα δαβγ , (108)
where chα = coshxα, cα = cos yα, cthα = chα/shα and ctα = cα/sα. The non-zero components of the
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Riemann tensor read
Ruvuv = −λ
2
, Ruvuz = −λv
z
, Ruzuz = − 1
2z2
(4λv2 + 2H + 3zH,z + z
2H,zz),
Ruzuxα = −
1
2z
(H,xα + zH,zxα), Ruzuyα = −
1
2z
(H,yα + zH,zyα), Ruzuzα = −
1
2z
(H,zα + zH,zzα),
Ruzvz = − 1
z2
, Ruxαuxβ = −
1
2
H,xαxβ , Ruxαuyβ =
1
2
(−H,xαyβ + cthαH,yαδαβ) ,
Ruxαuzβ =
1
2
(−H,xαzβ + cthαH,zαδαβ) , Ruyαuyβ = −12 (H,yαyβ + shαchαH,xαδαβ) ,
Ruyαuzβ =
1
2
(−H,yαzβ + ctαH,zαδαβ) , Ruzαuzβ = −12 [H,zαzβ + sα(cαH,yα + shαchαsαH,xα)δαβ] ,
Rxαyβxγyδ =
2sh2α
λ
δαβγδ, Rxαzβxγzδ =
2sh2αs
2
α
λ
δαβγδ, Ryαzβyγzδ =
2sh4αs
2
α
λ
δαβγδ (109)
and those of the Ricci tensor
Ruu = λ (H + zH,z)− 1
2
H, Ruv = λ, Ruz =
2λv
z
, Rzz = − 2
z2
,
Rxαxβ = −2δαβ, Ryαyβ = −2sh2αδαβ , Rzαzβ = −2sh2αs2αδαβ, (110)
where
H=−λ
2
[
z2H,zz − zH,z +
N−1∑
α=1
(
H,xαxα + 2cthαH,xα +
1
sh2α
(
H,yαyα + ctαH,yα +
1
s2α
H,zαzα
))]
.
(111)
The Ricci scalar is constant R = nλ. The metric (74) is Einstein with Rab = λgab iff
H = 2λzH,z. (112)
Let us choose a parallelly propagated frame
ℓa = (0, 1, 0, . . . , 0),
na = (1,−3λv
2 + 2H
4
,
λvz
2
, 0, . . . , 0),
ma(2) = (0,−
√
−λ
2
v,
√
−λ
2
z, 0, . . . , 0),
ma(χα) = (0, . . . , 0,
αth block︷ ︸︸ ︷√
−λ
2
, 0, 0, 0, . . . , 0),
ma(υα) = (0, . . . , 0, 0,
√−λ√
2shα
, 0︸ ︷︷ ︸
αth block
, 0, . . . , 0),
ma(ζα) = (0, . . . , 0, 0, 0,
√−λ√
2shαsα︸ ︷︷ ︸
αth block
, 0, . . . , 0) (113)
and express the frame components of the Weyl tensor. As in the 2-block case, b.w. 0 components are
constant and can be derived using (100)–(101)
Φ = − (n− 3)λ
2(n− 1) , Φij =
λ
n− 1diag
(
n− 3
2
,−δij
)
,
Φ2χα2χβ = Φ2υα2υβ = Φ2ζα2ζβ = −
λ
n− 1δαβ ,
Φχαχβχγχδ = Φυαυβυγυδ = Φζαζβζγζδ = −
2λ
n− 1δα[γδδ]β ,
Φχαυβχγυδ = Φχαζβχγζδ = Φυαζβυγζδ =
λ
2
δαβγδ − λ
n− 1δαγδβδ, (114)
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b.w. −1 components Ψ′ijk vanish and b.w. −2 non-vanishing components are independent of v
Ω′22 =
1
2(n− 2) (H − 2λzH,z) +
λz
4
(zH,zz + 3H,z) ,
Ω′2χα =
λ
4
(H,xα + zH,zxα) , Ω
′
2υα =
λ
4shα
(H,yα + zH,zyα) , Ω
′
2ζα =
λ
4shαsα
(H,zα + zH,zzα) ,
Ω′χαχβ =
λ
4
H,xαxβ +
1
2(n− 2) (H − 2λzH,z) δαβ ,
Ω′υαυβ =
λ
4shα
(
1
shβ
H,yαyβ + chαH,xαδαβ
)
+
1
2(n− 2) (H − 2λzH,z) δαβ ,
Ω′ζαζβ =
λ
4shαshβsαsβ
H,zαzβ +
λ
4
(
cthαH,xα +
ctα
sh2α
H,yα
)
δαβ +
1
2(n− 2) (H − 2λzH,z) δαβ ,
Ω′χαυβ =
λ
4shβ
(
H,xαyβ − cthαH,yαδαβ
)
,
Ω′χαζβ =
λ
4shβsβ
(
H,xαzβ − cthαH,zαδαβ
)
,
Ω′υαζβ =
λ
4shαshβsβ
(
H,yαzβ − ctαH,zαδαβ
)
. (115)
The Ricci rotation coefficients are
κi = L10 = τ
′
i =
i
M j0 = 0, ρij =
i
M j1= 0,
L11 = λv, τi = L1i =
(√
−λ
2
, 0, . . . , 0
)
, ρ′ij = diag
(
−λv
2
, 0, . . . , 0
)
,
2
M jk = 0,
χα
Mυβυγ =
√
−λ
2
cthαδαβγ =
χα
M ζβζγ ,
υα
Mζβζγ =
√
−λ
2
ctα
shα
δαβγ ,
κ′2 =
1
2
√
−λ
2
(
λ
2
v2 −H − zH,z
)
,
κ′χα = −
1
2
√
−λ
2
H,xα , κ
′
υα
= − 1
2shα
√
−λ
2
H,yα , κ
′
ζα
= − 1
2shαsα
√
−λ
2
H,zα . (116)
Note that the metric (74) is not RNV since τi is non-vanishing. One can see that DΩ
′
ij vanishes also
directly from the Bianchi equation (A.17) in [7]
DΩ′ij = Φρ
′
ij +Φsiρ
′
sj = 0. (117)
Now, let us study components of ∇(1)C. Similarly as in the 2-block case, in the b.w. 0 components
of ∇(1)C, terms like (105), (106) appear and they all again vanish due to the form of iM jk (116) and Φij
and Φijkl (114). Moreover, there are b.w. 0 terms
Φτi +Φijτj
and
Φikτj − Φijτk − Φsijkτs
that vanish as well. In b.w. −1 components of ∇(1)C, there are also terms (107) that again cancel each
other and terms
Φρ′ij +Φkiρ
′
kj
and
Φkiρ
′
jl − Φjiρ′kl − Φsijkρ′sl
that vanish as well.
Thus the metric (74) obeys the assumptions of proposition 7.1.
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